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Abstract
Assuming for Weakly InteractingMassive Particles (WIMPs) a Maxwellian velocity distribution
in the Galaxy we provide an assessment of the sensitivity of existing Dark Matter (DM) direct
detection (DD) experiments to operators up to dimension 7 of the relativistic effective field theory
describing dark matter interactions with quarks and gluons . In particular we focus on a system-
atic approach, including an extensive set of experiments and large number of couplings, both
exceeding for completeness similar analyses in the literature. The relativistic effective theory
requires to fix one coupling for each quark flavor, so in principle for each different combination
the bounds should be recalculated starting from direct detection experimental data. To address
this problem we propose an approximate model–independent procedure that allows to directly
calculate the bounds for any combination of couplings in terms of model–independent limits on
the Wilson coefficients of the non–relativistic theory expressed in terms of the WIMP mass and
of the neutron–to–proton coupling ratio cn/cp. We test the result of the approximate procedure
against that of a full calculation, and discuss its possible pitfalls and limitations. We also provide
a simple interpolating interface in Python that allows to apply our method quantitatively.
Keywords: Dark Matter, Weakly Interacting Massive Particles, Direct detection, Effective
theories
PACS: 95.35.+d,
1. Introduction
One of the most popular scenarios for the Dark Matter (DM) which is believed to contribute
to up to 27% of the total mass density of the Universe [1] and to more than 90% of the halo
of our Galaxy is provided by Weakly Interacting Massive Particles (WIMPs) with a mass in the
GeV-TeV range and weak–type interactions with ordinary matter. Such small but non–vanishing
interactions can drive WIMP scattering events off nuclear targets, and the measurement of the
ensuing nuclear recoils in low–background detectors (direct detection, DD) represents the most
straightforward way to detect them. Indeed, a large worldwide effort is currently under way to
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observe WIMP-nuclear scatterings, but, with the exception of the DAMA collaboration [2, 3,
4, 5] that has been observing for a long time an excess compatible to the annual modulation of
a DM signal, many other experiments using different nuclear targets and various background–
subtraction techniques [6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18] have failed to observe any
WIMP signal so far.
The calculation of DD expected rates is affected by large uncertainties, of both astrophysical
and particle–physics nature. For instance, most of the explicit ultraviolet completions of the
Standard Model that stabilize the Higgs vacuum contain WIMP exotic states that are viable DM
candidates and for which detailed predictions for WIMP–nuclear scattering can be worked out,
leading in most cases to either a Spin Independent (SI) cross section proportional to the square of
the target mass number, or to a Spin–Dependent (SD) cross section proportional to the product
of the WIMP and the nucleon spins. Crucially, this allows to determine how the WIMP interacts
with different targets, and to compare in this way the sensitivity of different detectors to a given
WIMP candidate, with the goal of choosing the most effective detection strategy. However, the
non–observation of new physics at the Large Hadron Collider (LHC) has prompted the need
to go beyond such top–down approach and to use either “effective” or “simplified” models to
analyze the data [19], implying a much larger range of possible scaling laws of the WIMP–
nucleon cross section on different targets. Moreover, the expected WIMP–induced scattering
spectrum depends on a convolution on the velocity distribution f (~v) of the incoming WIMPs,
usually described by a thermalized non–relativistic gas described by a Maxwellian distribution
whose root–mean–square velocity vrms ≃ 270 km/s is determined from the galactic rotational
velocity by assuming equilibrium between gravitational attraction and WIMP pressure. Indeed,
such model, usually referred to as Isothermal Sphere, is confirmed by numerical simulations [20],
although the detailed merger history of the Milky Way is not known, allowing for the possibility
of the presence of sizable non–thermal components for which the density, direction and speed of
WIMPs are hard to predict [21].
As far as the latter issue is concerned, for definiteness, in the following we will adopt for
the velocity distribution f (~v) of the incomingWIMPs a standard thermalized non–relativistic gas
described by a Maxwellian distribution.
On the other hand, in the present paper we wish to focus on the former issue of the scal-
ing law in direct detection, and in particular on how to compare the sensitivities of different
experimental set–ups on WIMP–quark and WIMP–gluon effective interactions by making use
of model–independent bounds obtained independently at a lower scale on WIMP–nucleon non–
relativistic operators. In particular, since the DD process is non–relativistic (NR) it has been
understood some time ago [22, 23] that the most general interaction besides the SI and the SD
cross sections can be parameterized with an effective Hamiltonian that complies with Galilean
symmetry, containing at most 15 terms in the case of a spin–1/2 particle:
H(r) =
∑
τ=0,1
15∑
j=1
cτjO j(r) tτ, (1)
where the O j operators are listed in [23] and t0 = 1, t1 = τ3 denote the 2 × 2 identity and third
Pauli matrix in isospin space, respectively, and the isoscalar and isovector coupling constants c0
j
and c1
j
, are related to those to protons and neutrons c
p
j
and cn
j
by c
p
j
= c0
j
+ c1
j
and cn
j
= c0
j
− c1
j
.
Indeed, the NR couplings cτ
j
represent the building blocks of the low–energy limit of any
ultraviolet theory, so that an understanding of the behaviour of such couplings is crucial for the
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interpretation of more general scenarios. As a consequence, the NR effective theory (NREFT) of
Eq. (1) has been extensively used in the literature to analyze direct detection data [24, 25, 26, 27,
28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38].
In light of this, in Ref. [39] we provided an assessment of the overall present and future
sensitivity of an extensive list of both present and future WIMP direct detection experiments
assuming systematically dominance of one of the possible terms of the NR effective Hamilto-
nian in the calculation of the WIMP–nucleon cross section. In particular, compared to previous
analyses adopting the same approach, in Ref. [39] the bounds on the NREFT are presented in a
novel model–independent way: for each of the couplings of Eq. (1) a contour plot of the most
stringent 90% C.L. bound on the WIMP–nucleon cross section among a comprehensive set of
14 existing experiments is provided as a function the WIMP mass mχ and of the ratio of the
WIMP–neutron andWIMP–proton couplings cn/cp (along with a color code showing the experi-
ment providing it). This approach allows to make the best constraints on theWIMP–proton cross
section available in a model–independent way (in Appendix A a simple code is introduced that
allows to interpolate the mχ–c
n/cp planes of Ref. [39] to get the corresponding numerical val-
ues) so that, with the exception of cancellations among different NR operators, such bounds can
be directly used to get constraints for a given relativistic effective DM scenario when taking its
non–relativistic limit, without the need to go through the calculation of the experimental bound
starting from the data and to apply the standard machinery used in [39]. The latter includes more
refined treatments beside a simple comparison between theoretical predictions and upper bounds,
such as background subtraction or the optimal-interval method [40], and may not be trivial for
model builders, who have only access from experimental papers to the bounds on the standard
isoscalar spin–independent or WIMP–proton/WIMP–neutron spin–dependent cross sections.
However, in spite of its generality, such approach presents some drawbacks: in particular, the
interference of different NR operators and especially the sensitivity of such effect to the running
of the couplings from the energy scale of the ultraviolet theory to the nucleon scale [41, 42, 43]
are difficult to include in a model–independentway, as well as a possible momentum dependence
of the Wilson coefficients of the NR theory. In particular, the latter can arise in the case of a
long–range interaction such as for electric–dipole or magnetic–dipole DM [44, 45]. Moreover
an additional momentum dependence arises when one needs to include the light-meson poles in
the case the DM couples to the axial quark current [46, 47].
For the reasons listed above, the use of the limits on the NR couplings of Ref. [39] to calculate
the bounds for an effective relativistic model defined at a much larger scale needs to be tested.
This is the first main goal of the present paper, where we wish to use the results of Ref. [39]
to calculate the bounds on a specific example of relativistic effective theory, and compare the
outcome to the full calculation. In particular, we will assess the sensitivity of present DD exper-
iments to a set of operators up to dimension 7 describing dark matter interactions with quarks q
and gluons
Lχ =
∑
q
∑
a,d
C(d)a,qQ(d)a,q +
∑
b,d
C(d)
b
Q(d)
b
, (2)
where the C(d)a,q, C(d)b are dimensional Wilson coefficients. The sums run over the dimensions
of the operators, d = 5, 6, 7 and the operator labels, a and b. If not specified otherwise, we
conventionally fix the Wilson parameters at the Electroweak (EW) scale, that we identify with
the Z boson mass. The operators Q(d)a,q, Q(d)b that we will analyze are listed in Eqs.(3,4,5), and are
the same analyzed in [48]. Analyses on similar sets of relativistic effective operators can also be
found in [49, 50, 51, 43].
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In particular, once, for each of the relativistic models we consider, the NR Wilson coeffi-
cients cτ
j
at the nucleon scale are obtained from the C(d)a,q’s or C(d)b ’s, the expected DD rates only
depend on the non–relativistic response functions [52, 53]. In our analysis we will follow closely
Ref. [39], so that we address the reader to that paper for the formulas that we use to calculate the
expected rates for WIMP–nucleus scattering.
In Ref. [39] we found that 9 experiments out of a total of 14 present Dark Matter searches
can provide the most stringent bound on some of the effective couplings for a given choice of
(mχ, c
n/cp). We include the same experiments in the present analysis: XENON1T [6], CDM-
Slite [9], SuperCDMS [10], PICASSO [12], PICO–60 (using a CF3I target [13] and a C3F8 one
[14]), CRESST-II [15, 54], DAMA (average count rate [55]), DarkSide–50 [18]. The details of
how each experimental limit has been obtained can be found in the Appendix A of Ref. [39] with
the exception of the PICO–60 result with a C3F8 target of Ref. [56] that was recently updated
with its final result [14]. In particular, in [14] an additional exposure of 1404 kg days at thresh-
old 2.45 keVnr was included in the analysis, lower than that of Ref. [56] where an exposure of
1167 kg days with threshold 3.3 keVnr was used. So, compared to Ref. [39], for PICO–60 we
have added the additional run at 2.45 keVnr and updated the efficiency of both runs using the
result from Fig.3 of [14]. We stress that in the literature only the bounds from a few experiments
(typically XENON1T and PICO–60) are discussed, and only for a few of the effective models of
Eqs.(3,4,5) [50, 41, 42, 48, 57, 37, 38, 58]. So the second main goal of the present paper is to
focus on a systematic approach, including a number of experiments and of effective couplings
that both exceed for completeness previous analyses.
The approach of the present analysis is complementary to that of Ref. [39], but itself not de-
void from drawbacks. In particular, the matching of the Wilson coefficients C(d)a,q’s of the WIMP–
quark relativistic interaction into the cτ
j
’s of the NR WIMP–nucleon Hamiltonian is highly de-
generate, since, in principle, the relativistic effective theory requires to fix one coupling for each
quark flavor q, while the NR theory contains only protons and neutrons. In other words, some
assumptions must be made on how the C(d)a,q’s scale with the flavor q. A frequent approach in
the literature is to parameterize the theory in terms of a single coupling C(d)a,q common to all
quarks [59, 60], and in our analysis we will do the same. However it is worth pointing out that
this assumption would not be applicable to the case of the supersymmetric neutralino, for which,
for instance, C(6)
4,q
scales as the Z–boson coupling in the case of a Higgsino, or C(7)
5,q
depends on
the mass and the weak isospin of the quark for a Gaugino–Higgsino mixing. This has important
phenomenological consequences: for instance, the ratio of the two vacuum expectation values
in supersymmetry, traditionally parameterized as tan β, selects through the Yukawa couplings
whether the neutralino couples preferentially to up–type or down–type quarks through Higgs ex-
change, and it is well known in the literature that large and low tan β values imply very different
phenomenological scenarios. Indeed, in the case of a generic scaling of the WIMP–quark cou-
plings the only possible way to obtain a consistent limit without reanalyzing the experimental
data is to calculate the ratio cn/cp from the C(d)a,q’s and directly use the NR bounds of [39]. The
limit obtained in this way is only valid if one NR coupling dominates the predicted rate and there
are no cancellations among the contributions of different NR couplings. So a specific goal of
our analysis is also to assess the validity of such a procedure and to discuss the impact of such
cancellations in the different relativistic models we consider.
The paper is organized as follows. In Section 2 we list the relativistic Effective Field Theory
(EFT) terms that we consider in our analysis and we summarize how we calculate the NRWilson
coefficients starting from each of them; Section 3 is devoted to our quantitative analysis, where
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we will provide updated exclusion plots for each relativistic model assuming a common coupling
C(d)a,q for all quarks; in Section 4 we discuss the impact of interferences among different NR
couplings, showing that in most cases only one non–relativistic operator dominates the expected
rate and the bounds. We will provide our conclusions in Section 5. Finally, in Appendix A we
provide a simple interpolation code written in Python that, based on the conclusions of Section 4,
allows to reproduce most of the results of Section 3 and to generalize them to other choices of
the C(d)a,q couplings assuming that one non–relativistic operator dominates the expected rate.
2. Relativistic effective models
In this Section we outline the procedure that we follow to obtained the numerical results
of Section 3. We use the code DirectDM [48, 47] to calculate the nonperturbative matching
of the effective field theory describing dark matter interactions with quarks and gluons at the
EW scale to the effective theory of nonrelativistic dark matter interacting with nonrelativistic
nucleons (alternative analyses based on chiral effective field theory can be found for instance
in [61, 62, 63, 64]). For this reason we follow closely the notation of Ref.[48, 65] and consider
the same relativistic operators.
In particular, we consider the two dimension-five operators:
Q(5)
1
=
e
8π2
(χ¯σµνχ)Fµν , Q(5)2 =
e
8π2
(χ¯σµνiγ5χ)Fµν , (3)
where Fµν is the electromagnetic field strength tensor and χ is the DM field, assumed here to be a
Dirac particle. Such operators correspond, respectively, to magnetic–dipole and electric–dipole
DM and imply a long–range interaction [66] 1. The dimension-six operators are
Q(6)
1,q
= (χ¯γµχ)(q¯γ
µq) ,Q(6)
2,q
= (χ¯γµγ5χ)(q¯γ
µq) ,
Q(6)
3,q
= (χ¯γµχ)(q¯γ
µγ5q) ,Q(6)4,q = (χ¯γµγ5χ)(q¯γµγ5q) , (4)
and we also include the following dimension-seven operators: namely:
Q(7)
1
=
αs
12π
(χ¯χ)GaµνGaµν ,Q(7)2 =
αs
12π
(χ¯iγ5χ)G
aµνGaµν ,
Q(7)
3
=
αs
8π
(χ¯χ)GaµνG˜aµν ,Q(7)4 =
αs
8π
(χ¯iγ5χ)G
aµνG˜aµν ,
Q(7)
5,q
= mq(χ¯χ)(q¯q) ,Q(7)6,q = mq(χ¯iγ5χ)(q¯q) ,
Q(7)
7,q
= mq(χ¯χ)(q¯iγ5q) ,Q(7)8,q = mq(χ¯iγ5χ)(q¯iγ5q) ,
Q(7)
9,q
= mq(χ¯σ
µνχ)(q¯σµνq) ,Q(7)10,q = mq(χ¯iσµνγ5χ)(q¯σµνq) . (5)
In the equations above q = u, d, s denote the light quarks, Gaµν is the QCD field strength tensor,
while G˜µν =
1
2
εµνρσG
ρσ is its dual, and a = 1, . . . , 8 are the adjoint color indices. In the following
we will also assume that all the operators listed in Eqs.(3)–(5) conserve flavor.
A potentially sizeable mixing effect among the vector and axial–vector currents of Eq.(4) is
known to be induced by the running of the couplings above the EW scale [41, 42]. In particular,
1The anapole coupling (χ¯γµγ5χ)∂
νFµν leads instead to an effective contact interaction. A recent discussion is provided
in [67].
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this may induce a quark vector coupling at the low scale relevant for DD even if the effective
theory contains only an axial coupling at the high scale, changing dramatically the DD cross
section scaling with the nuclear target and the ensuing DD constrains. For this reason, in the case
of the operators of Eq. (4) with a vector–axial quark current, besides the results valid for a given
effective operator at the EW scale we also show the corresponding ones when the same operator
is defined at the scale µscale=2 TeV, using the code runDM [68] to evaluate the running from µscale
to mZ=91.1875 GeV. In order to do so we assume that the axial–vector coupling is the same for
all quarks at the high scale 2. We then use the output of runDM as an input for DirectDM to
perform the remaining running from mZ to the nucleon scale, where the hadronization of the
operatorsQ(d)a,q in eqs. (3,4,5) leads at leading order in the chiral expansion only to single-nucleon
(N=p,n) currents, i.e., schematically:
< N|q¯Γq|N > =
∑
Γ′
ΩΓ
′
N Ψ¯NΓ
′ΨN ,
< N|GaµνGa,µν|N > = Ω′NΨ¯NΨN ,
< N|GaµνG˜a,µν|N > = Ω′′NΨ¯Nγ5ΨN , (6)
with Γ, Γ′ = 1, γµ, γµγ5, γ5, σµν and ΨN the nucleon field. Also for the quantities Ω, Ω′ and
Ω′′ (which in general can depend on external momenta) we rely on the output of DirectDM (see
appendix A of [48]). In particular, the matching of the axial-axial partonic level operator, as well
as that of the coupling between the DM particle to the QCD anomaly term leads to pion and eta
poles that can be numerically important, and that we include in our analysis. Specifically [48]:
〈N|q¯γµγ5q|N〉 = Ψ¯N
[
F
q/N
A
(q2)γµγ5 +
1
2mN
F
q/N
P′ (q
2)γ5q
µ
]
ΨN , (7)
〈N|mqq¯iγ5q|N〉 = Fq/NP (q2) Ψ¯N iγ5ΨN , (8)
〈N|αs
8π
GaµνG˜aµν |N〉 = FNG˜ (q2) Ψ¯N iγ5ΨN , (9)
with:
F
q/N
P,P′(q
2) =
m2
N
m2π − q2
a
q/N
π +
m2
N
m2η − q2
a
q/N
η + b
q/N , (10)
FN
G˜
(q2) =
q2
m2π − q2
aN
G˜,π
+
q2
m2η − q2
aN
G˜,η
+ bN
G˜
, (11)
where we use DirectDM and runDM when applicable to calculate the coefficients a and b from
the high–energy couplings, and q2 represents here the squared four–momentum transfer. Finally,
taking the non–relativistic limit, we obtain the coefficients cτ
i
of the effective Hamiltonian of
Eq. (1), which turn out to be proportional to the initial relativistic dimensional coupling C(d)a,q,
and, in general, depend on the WIMP mass mχ and on the exchanged momentum q (the latter
2In particular, we assume the benchmark “QuarksAxial” in [68], with a vanishing DM-Higgs coupling.
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dependence both through the poles of Eqs.(10,11) and because of the photon propagator induced
by the dimension–5 magnetic and electric dipole operators of Eq. (3)).
For the details of the expression to calculate the expected rate in a DD experiment we refer,
for instance, to Section 2 of [39]. In particular, the differential cross section is proportional to the
squared amplitude:
dσT
dER
=
2mT
4πv2
T
[
1
2 jχ + 1
1
2 jT + 1
|MT |2
]
, (12)
with vT ≡ |~vT | the WIMP speed in the reference frame of the nuclear center of mass, mT the
nuclear mass, jT , jχ are the spins of target nucleus and WIMP, and [23]:
1
2 jχ + 1
1
2 jT + 1
|MT |2 = 4π
2 jT + 1
∑
τ=0,1
∑
τ′=0,1
∑
k
Rττ
′
k
cτi , cτ′j , (v⊥T )2, q2
m2
N
Wττ′Tk (y). (13)
In the above expression the squared amplitude |MT |2 is summed over initial and final spins, the
Rττ
′
k
’s are WIMP response functions which depend on the couplings cτ
j
as well as the transferred
momentum ~q, while:
(v⊥T )
2 = v2T − v2min, (14)
and:
v2min =
q2
4µ2
T
=
mT ER
2µ2
T
, (15)
represents the minimal incoming WIMP speed required to impart the nuclear recoil energy ER.
Moreover, in equation (13) the Wττ
′
Tk
(y)’s are nuclear response functions and the index k represents
different effective nuclear operators, which, under the assumption that the nuclear ground state is
an approximate eigenstate of P and CP, can be at most eight: following the notation in [22, 23],
k=M, Φ′′, Φ′′M, Φ˜′, Σ′′, Σ′, ∆, ∆Σ′. The Wττ
′
Tk
(y)’s are function of y ≡ (qb/2)2, where b is
the size of the nucleus. For the target nuclei T used in most direct detection experiments the
functions Wττ
′
Tk
(y), calculated using nuclear shell models, have been provided in Refs. [23, 69].
Details about the definitions of both the functions Rττ
′
k
’s and Wττ
′
Tk
(y)’s can be found in [23]. In
particular, using the decomposition:
Rττ
′
k = R
ττ′
0k + R
ττ′
1k (v
⊥
T )
2 = Rττ
′
0k + R
ττ′
1k
(
v2T − v2min
)
, (16)
the correspondence between each term of the NR effective interaction in (1) and the Wττ
′
Tk
(y)
nuclear response functions is summarized in Table 1. Notice that WM corresponds to the standard
SI interaction, while WΣ′′ +WΣ′ (with WΣ′ ≃ 2WΣ′′) to the standard SD one.
Finally, for the WIMP local density we take ρloc=0.3 GeV/cm
3 and for the velocity distribu-
tion we assume a standard isotropic Maxwellian at rest in the Galactic rest frame boosted to the
Lab frame by the velocity of the Sun, v⊙=232 km/s, with root–mean–square velocity vrms=270
km/s and truncated at the escape velocity uesc=550 km/s.
3. Analysis
In this Section for each of the models Q(d)a,q, Q(d)b listed in Eqs. (3–5) we show the present con-
straints on the correspondent dimensional coupling C(d)a,q (assumed to be the same for all flavors)
7
coupling Rττ
′
0k
Rττ
′
1k
coupling Rττ
′
0k
Rττ
′
1k
1 M(q0) - 3 Φ′′(q4) Σ′(q2)
4 Σ′′(q0),Σ′(q0) - 5 ∆(q4) M(q2)
6 Σ′′(q4) - 7 - Σ′(q0)
8 ∆(q2) M(q0) 9 Σ′(q2) -
10 Σ′′(q2) - 11 M(q2) -
12 Φ′′(q2),Φ˜′(q2) Σ′′(q0),Σ′(q0) 13 Φ˜′(q4) Σ′′(q2)
14 - Σ′(q2) 15 Φ′′(q6) Σ′(q4)
Table 1: Nuclear response functions corresponding to each coupling, for the velocity–independent and the velocity–
dependent components parts of the WIMP response function, decomposed as in Eq.(16). In parenthesis is the power of q
in the WIMP response function.
and C(d)
b
from the list of experiments summarized in the Introduction (XENON1T [6], CDM-
Slite [9], SuperCDMS [10], PICASSO [12], PICO–60 (using a CF3I target [13] and a C3F8
one [14]), CRESST-II [15, 54], DAMA (average count rate) [55], DarkSide–50 [18]) in terms of
lower bounds on the effective scale Λ˜ defined through:
C(d)a,q,C(d)b ≡
1
Λ˜d−4
. (17)
As a default choice in all cases we fix C(d)a,q, C(d)b at the EW scale, identified as the Z–boson mass,
µscale= mZ . Only for the 6–dimensional interaction terms Q(6)3,q and Q(6)4,q we also show in Fig. 4
the result obtained when the C(d)a,q coupling is fixed at the scale µscale= 2 TeV and run down to the
EW scale using runDM and assuming that the axial–vector coupling is the same for all quarks
at the high scale. One can notice that in the case of Q(6)
3,q
passing from µscale=mZ to µscale=2 TeV
the experimental bound is strengthened by more than two orders of magnitude. This is a well–
known effect [41, 42] due to the mixing between Q(6)
3,q
and Q(6)
1,q
induced by the running from 2
TeV to mZ . In particular, without such mixing Q(6)3,q gives rise to two NR operators that have both
a spin–dependent type scaling with the target,O9 andO7, the latter also velocity suppressed [39],
while the mixing due to running induces a Q(6)
1,q
component leading to the SI O1 operator (see
Tables 1 and 2) that overwhelms the other contributions in spite of the loop–suppressed Wilson
coefficient. Such effect is also present for the Q(6)
4,q
operator due to the mixing with Q(6)
2,q
, although
in this case the effect on the exclusion plot is less sizable. It is worth pointing out here that
the mixing between vector and vector–axial currents is driven by the coupling between the DM
particle and the quarks of the third family, so it is not present if the latter is assumed to vanish.
In such case the results of Fig. 4 would coincide to those of Fig. 3.
In all the plots the data are analyzed in the same way of the experimental collaborations to
obtain lower bounds on the effective scale Λ˜ defined in Eq. (17) as a function of the WIMP mass
mχ assuming a single flavor–independent coupling C(d)a,q common to all quarks. In particular, for
all experiments with the exception of SuperCDMS and DarkSide–50 we compare the expected
rate to the 90% C.L. upper bound on the count rate in each energy bin assuming zero background.
Namely, for XENON1T we have assumed 7 WIMP candidate events in the range of 3 PE ≤ S 1 ≤
70 PE, as shown in Fig. 3 of Ref. [6] for the primary scintillation signal S1 (directly in Photo
Electrons, PE), with an exposure of 278.8 days, fiducial volume of 1.3 ton and the efficiency taken
from Fig. 1 of Ref. [6]. In the analysis of DarkSide–50, we subtract the estimated background
8
by fitting the data at fixed mχ to the sum S i(Λ˜) + λbi in terms of the two free parameters Λ˜ and
λ [39], with S i the expected WIMP signal in each energy bin i and bi taken from Fig. 3 of [18]
using the exposure of 6786.0 kg days. This latter procedure is particularly effective when the
spectral shapes of the signal and of the background are different. For DarkSide–50 the estimated
spectrum of the background is rising with the recoil energy, so it yields a weaker constraint for
interactions types with an explicit momentum dependence that lead to a signal rising with energy
in a way similar to the background. This loss of constraining power is the reason of the peculiar
shapes of some of the exclusion plots for DarkSide–50 in Figs. 1–9. The latest SuperCDMS
analysis [10] observed 1 event between 4 and 100 keVnr with an exposure of 1690 kg days. To
analyze the observed spectrum we apply the the maximum–gap method [40] with the efficiency
taken from Fig. 1 of [10] and the energy resolution σ =
√
0.2932 + 0.0562Eee/keVee keVee
from [70]. In the case of CDMSlite, we consider the energy bin 0.056 keV< E′ < 1.1 keV with a
measured count rate of 1.1±0.2 [keV kg days]−1 (Full Run 2 rate, Table II of Ref. [9]). We have
taken the efficiency from Fig. 4 of [9] and the energy resolution σ =
√
σ2
E
+ BER + (AER)2, with
σE=9.26 eV, A=5.68×10−3 and B=0.64 eV from Section IV.A of [9]. In the case of threshold
detectors such as PICO60 and PICASSO, we consider for each threshold an energy bin up to the
maximal recoil energy allowed by the escape velocity. For PICASSO we take into account the
six energy thresholds (Eth=1.0, 1.5, 2.7, 6.6,15.7,36.8 keV) analyzed in [12] while for PICO-60
we considered the threshold Eth=3.3 keV with a total exposure of 1167.0 kg days and no event
detected [56]. PICO-60 can also employ a CF3I target and in this case we adopt an energy
threshold of 13.6 keV and an exposure of 1335 kg days [13]. For DAMA we consider the upper
bound from the average count rate (DAMA0) which has been taken from [55] (rebinned from
0.25-keVee- to 0.5-keVee-width bins). We assume constant quenching factors q=0.3 for sodium
and q=0.09 for iodine, and the energy resolution σ = 0.0091 (Eee/keVee) + 0.448
√
Eee/keVee
in keV. For the CRESST-II experiment, we considered the Lise module analysis from [15] with
energy resolution σ=0.062 keV and detector efficiency from Fig. 4 of [71]. In our analysis,
we have selected 15 events for 0.3 keVnr< ER < 0.49 keVnr with an exposure of 52.15 kg days.
With the assumptions summarized above we reproduce published results in the case of a standard
Spin–Independent interaction. Further details can be found in Appendix A of Ref. [39].
The exclusion plots of Figs. 1–9 can be roughly devided in two classes: in the case of mod-
els Q(5)
1,q
, Q(5)
2,q
, Q(6)
1,q
, Q(6)
2,q
, Q(7)
1
, Q(7)
2
, Q(7)
5,q
, Q(7)
6,q
and Q(7)
10,q
the most constraining experiments are
DarkSide–50 at low WIMP mass and XENON1T at larger mχ. As can be seen by combining Ta-
ble 2 (that allows to see the correspondence between each Q(d)a,q, Q(d)b term and NR operators) and
Table 1 (where the correspondence between each NR operator Oi and the nuclear response func-
tions Wττ
′
Tk
(y)’s is shown) one can see that all such interactions take contributions from the WM
nuclear response function, leading to a SI scaling of the cross section (possibly combined with
explicit dependence from the exchanged momentum q2 and from the WIMP incoming speed 3).
Indeed, due to its very low threshold DarkSide–50 drives the exclusion plot at low mass, but only
for interactions that do not require a nuclear spin (its target is 40Ar), while at larger masses the
SI coupling enhances the sensitivity for scatterings off xenon in XENON1T. The second class of
exclusion plots is represented by the models Q(6)
3,q
, Q(6)
4,q
, Q(7)
3
, Q(7)
4
, Q(7)
7,q
, Q(7)
8,q
, and Q(7)
9,q
for which
the exclusion plot is driven by PICASSO and PICO60 (and, sometimes, by CDMSLite) at low
WIMP mass, and by XENON1T at larger WIMP masses. In such cases, as can again be seen
3As far as the O5 and O8 NR operators are concerned, the SI part of the nuclear response function usually dominates
in spite of the fact that it is velocity suppressed [39].
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Figure 1: Lower bound on the effective scale Λ˜ defined in Eq. (17) for the operators Q(5)
1,q
(left) and Q(5)
2,q
(right). In both
cases the dimensional couplings C(5)
1,q
and C(5)
2,q
are fixed at the EW scale µscale=mZ . In the region below the solid cyan
line the limits are inconsistent with the validity of the EFT based on the simple criterion introduced in Section 3.
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Figure 2: The same as in Fig. 1 for Q(6)
1,q
(left) and Q(6)
2,q
(right).
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Figure 3: The same as in Fig. 2 for Q(6)
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(right).
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Figure 4: The same as in Fig. 3 for µscale=2 TeV.
10−1 100 101 102 103
mχ  (G V)
10−1
100
101
102
103
−̃ 
 (G
 V
)
(7)1 = αs12pi ( ̄χχ)GaμνGaμν
μscale=mZ EFT
ma( NR op.
XENON1T
CDMSLite
DAMA0
PICO60(μ3F8)
PICASSO
SuperCDMS
CRESST-II
PICO60(μF3I)
DS50
10−1 100 101 102 103
mχ  (G V)
10−1
100
101
102
103
−̃ 
 (G
 V
)
(7)2 = αs12pi ( ̄χiγ5χ)GaμνGaμν
μscale=mZ EFT
ma( NR op.
XENON1T
CDMSLite
DAMA0
PICO60(μ3F8)
PICASSO
SuperCDMS
CRESST-II
PICO60(μF3I)
DS50
Figure 5: The same as in Fig. 2 for Q(7)
1
(left) and Q(7)
2
(right).
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Figure 6: The same as in Fig. 2 for Q(7)
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(right).
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Figure 7: The same as in Fig. 2 for Q(7)
5
(left) and Q(7)
6
(right).
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Figure 8: The same as in Fig. 2 for Q(7)
7
(left) and Q(7)
8
(right).
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Figure 9: The same as in Fig. 2 for Q(7)
9
(left) and Q(7)
10
(right).
from Tables 2 and 1, the operator M is always missing in the NR limit, while the response func-
tions Σ′ and/or Σ′′ are always present, leading to a SD–type scaling of the cross section for which
large detectors containing fluorine are competitive with xenon.
Some of the limits shown in Figs. 1–9 may be so weak that they put bounds on values of
the Λ˜ scale which are inconsistent with the validity of the effective theory. In such case one
can simply conclude that the present experimental sensitivity of direct detection experiments is
not able to put bounds on the corresponding effective operator. A criterion for the validity of
the EFT is to interpret the scale Λ˜ in terms of a propagator g2/M2∗ with g <
√
4π and M∗ >
µscale, since in our analysis we fixed the boundary conditions of the EFT at the scale µscale.
This is straightforward for dimension–6 operators, while in the case of operators whose effective
coupling has dimension different from -2 only matching the EFT with the full theory would
allow to draw robust conclusions. In particular, in this case Λ˜ can be interpreted in terms of
the same propagator times the appropriate power of a typical scale of the problem µ′
scale
, which
depends on the ultraviolet completion of the EFT. For instance, in the operator Q(7)
5,q
=mq(χ¯χ)(q¯q)
the quark mass may originate from a Yukawa coupling, so the missing scale is an Electroweak
vacuum expectation value in the denominator. To fix an order of magnitude we choose to fix
µ′
scale
= µscale, so that the bound Λ˜ > µscale/(4π)
1/(d−4) can be derived. Such limit is shown as a
horizontal solid line in Figs. 1–9. In particular, for models Q(7)
2
, Q(7)
3
, Q(7)
4
, Q(7)
6
, Q(7)
7
, Q(7)
8
and
Q(7)
9
the bound on the Λ˜ scale lies above such curve in all the WIMP mass range, implying that
the sensitivities of present direct detection experiments to such couplings may not be sufficient to
put meaningful bounds. However we stress again that this can only be assessed when a specific
ultraviolet completion of the effective theory is assumed.
In Appendix A we introduce NRDD_constraints, a simple interpolating code written in
Python that can reproduce most of the results of this Section by assuming that one NR coupling
dominates in the low–energy limit of the interactions of Eqs.(3)–(5). In Figs. 1–3 and Figs. 5–9
the output of such code is indicated by “max NR op.” and represented by the red–dashed curve.
One can see that, with the exception of models Q(7)
7,q
and Q(7)
8,q
, the “max NR op.” matches the
lower edge of the excluded region obtained through a full calculation.
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4. Interference and momentum effects in the NR theory
No matter which among the relativistic interactions listed in Eqs.(3,4,5) is generated at a
higher scale by some beyond–the–standard–model scenario, Dark Matter DD scattering is a low–
energy process completely described by the NR effective theory of (Eq. 1). This implies that the
limits discussed in the previous Section can be expressed in terms of NR operators only. In
particular, in the case of interactions between the DM particle and the quark current, this would
have the advantage to present the limits from existing experiments in a way independent from
the choice of the C(d)a,q couplings for each flavor q, since the NR effective theory depends only
on WIMP mass and on the ratio between the WIMP–neutron and the WIMP–proton couplings
r ≡ cn/cp. Indeed, in ref. [39] we obtained updated upper bounds on the effective cross section:
σNi = max(σ
p
i
, σni ), (18)
with:
σ
p,n
i
= (c
p,n
i
)2
µ2
χN
π
, (19)
(µχN is the WIMP–nucleon reduced mass) assuming constant couplings c
p,n
i
and, systematically,
dominance of one of the possible NR interaction terms Oi of Eq. (1), providing for each of them
a two–dimensional plot where the contours of the most stringent 90% C.L. upper bounds to σN
i
were shown as a function of the two parameters mχ (WIMP mass), and c
n/cp. One possible
drawback of this approach is however that, in general, a given relativistic coupling leads to more
than one NR operator. In addition to that, as explained in Section 2, the NR coefficients cτ
i
may
depend explicitly on the exchanged momentum, leading, in practice, to contributions which are
equivalent to including additional NR operators of the type Fα
i
(q2)Oi (where, for each operator
Oi different momentum dependences are possible, as for instance in Eqs.(10,11)). In fact, setting:
cτi (mχ, q
2) ≡ cˆτi,α(mχ)Fαi (q2) , (20)
Rττ
′
k ≡ cτi cτ
′
j Rˆ
ττ′
k,i j = cˆ
τ
i,αcˆ
τ′
j,βRˆ
ττ′
k,i jF
α
i (q
2)F
β
j
(q2) , (21)
the squared amplitude (13) can be rewritten as:
1
2 jχ + 1
1
2 jT + 1
|MT |2 = 4π
2 jT + 1
∑
i j
∑
αβ
∑
τ,τ′
cˆτi,αcˆ
τ′
j,β
∑
k
Rˆττ
′
k,i jW
ττ′
k (q
2)
 Fαi (q2)Fβj (q2),
so that the expected rate R can be expressed as a sum over all possible interferences among the
contributions from each generalized NR term Fα
i
(q2)Oi:
R =
∑
i j
∑
αβ
∑
τ,τ′
cˆτi,αcˆ
τ′
j,β〈OiO jFαi (q2)Fβj (q2)〉ττ′ . (22)
In the equation above each term 〈OiO jFαi (q2)Fβj (q2)〉ττ′ simply represents the factor that mul-
tiplies cˆτ
i,αcˆ
τ′
j,β at fixed i, j, α, β, τ, τ
′ in the expected rate. The terms contributing to the sums over
i, j, α, β for each of the interactions discussed in Section 3 are listed in Table 2.
To discuss whether it is correct to assume dominance of one effective operator Fα
i
(q2)Oi at a
time we introduce the parameters:
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′
10⟨τ10τ
′
10
m4N
(m2pi − q2)2
⟩
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Figure 10: Parameter ǫ defined in Eq. (23) as a function of the WIMP mass mχ for model Q(7)7,q. (left) Parameter ǫ as a
function of the WIMP mass mχ for all the experiments and energy bins considered in Section 3. (right) Contributions
ǫ
αβ
i j
(each arising from one of the terms listed in Table 2) for the specific example of the XENON1T experiment.
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Figure 11: The same as in Fig. 10 for model Q(7)
8,q
.
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ǫ
αβ
i j
=
∑
ττ′ cˆ
τ
i,αcˆ
τ′
j,β〈OiO jFαi (q2)Fβj (q2)〉ττ′∑
ττ′
∑
lm
∑
ρσ cˆ
τ
l,ρ
cˆτ
′
m,σ〈OlOmFρl (q2)Fσm(q2)〉ττ′
, ǫ ≡ max
i, j,α,β
(|ǫαβ
i j
|). (23)
By numerical inspection we find that, with the exception of the operators Q(7)
7,q
and Q(7)
8,q
, the ǫ
parameter in all the energy bins of all the experiments included in our analysis never exceeds
1.7. Actually, we have checked that such extreme value (indicating destructive interference)
corresponds to the highest energy bins of DAMA0 where the rate is exponentially suppressed
by the velocity distribution and irrelevant for the constraint. In all other cases ǫ <∼1.3. As a
consequence, assuming dominance of one of the combinations Fα
i
(q2)Oi in the calculation of the
expected rate in the determination of the exclusion plot implies an inaccuracy within ± ≃ 40-50
% for ǫ > 1 and a factor of 2 for ǫ < 1, but in most cases much smaller.
In Figs. 10 and 11 we plot ǫ as a function of the WIMP mass mχ for the two operators
Q(7)
7,q
and Q(7)
8,q
. In particular, while the dominant contribution for Q(7)
3
and Q(7)
4
corresponds to
the constant term in Eq.(11), as shown in Figs. 10 and 11 the situation is different for Q(7)
7
and
Q(7)
8
, where each of the terms On,On m
2
N
m2π−q2 ,On
m2
N
m2η−q2 (with n=10,6) is of the same size with large
cancellations among them (as indicated by ǫ ≫ 1 values in the left–hand plot). This is confirmed
by the right–hand plot of each of the two figures, where we show explicitly the ǫ
αβ
i j
contributions
for the specific example of the XENON1T experiment. Indeed for the interaction terms Q(7)
7
and
Q(7)
8
such effect is natural since in this particular case the momentum–independent term On is
next-to-leading order in chiral counting [48] compared to the terms On m
2
N
m2π−q2 and On
m2
N
m2η−q2 .
Indeed, our conclusions on the ǫ parameter are not unexpected, since the scaling of the rate
for different NR operators is very different, and depends also on experimental inputs, so barring
accidental cancellations or clear–cut situations, like the one of axial operators Q(7)
7,q
and Q(7)
8,q
,
dominance of one NR operator appears natural. The numerical tests in this Section confirm this.
In Appendix A we introduce NRDD_constraints, a simple code that exploits this feature to
calculate approximate bounds on the couplings C(d)a,q and C(d)b . In particular, while the results
of Section 3 have been obtained by assuming a single coupling C(d)a,q common to all quarks,
using NRDD_constraints such constraints can be generalized to a generic dependence of such
couplings on the flavor q.
5. Conclusions
Assuming for WIMPs a Maxwellian velocity distribution in the Galaxy we have explored
in a systematic way the relative sensitivity of an extensive set of existing DM direct detection
experiments to each of the operators Q(d)a,q, Q(d)b listed in Eqs. (3–5) up to dimension 7 describing
dark matter effective interactions with quarks and gluons. In particular we have focused on a
systematic approach, including an extensive set of experiments and large number of couplings,
both exceeding for completeness similar analyses in the literature. For all the operators we have
fixed the corresponding dimensional coupling C(d)a,q at the scale µscale=mZ and used the code Di-
rectDM [47] to perform the running from mZ to the nucleon scale and the hadronization to single-
nucleon (N=p,n) currents, including QCD effects and pion poles that arise in the nonperturbative
matching of the effective field theory to the low–energy Galilean–invariant nonrelativistic effec-
tive theory describing DM–nucleon interactions. For operators Q(6)
3,q
and Q(6)
4,q
we have also used
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the runDM code [68] to discuss the mixing effect among the vector and axial–vector currents in-
duced by the running of the couplings above the EW scale, when the DM vector–axial coupling
is assumed to be the same to all quarks.
We find that operators Q(5)
1,q
, Q(5)
2,q
, Q(6)
1,q
, Q(6)
2,q
, Q(7)
1
, Q(7)
2
, Q(7)
5,q
, Q(7)
6,q
and Q(7)
10,q
take contributions
which correspond to a Spin Independent scaling of the cross section (possibly combined with
explicit dependence from the exchanged momentum q2 and from the WIMP incoming speed)
leading to an exclusion plot driven by DarkSide–50 at low WIMP mass and XENON1T at larger
mχ. On the other hand for models Q(6)3,q, Q(6)4,q, Q(7)3 , Q(7)4 , Q(7)7,q, Q(7)8,q, and Q(7)9,q the cross section
scaling law is of the Spin–Dependent type, leading to an exclusion plot driven by PICASSO
and PICO60 (and, sometimes, by CDMSLite) at low WIMP mass, and by XENON1T at larger
WIMP masses.
We also find that for models Q(7)
2
, Q(7)
3
, Q(7)
4
, Q(7)
6
, Q(7)
7
, Q(7)
8
and Q(7)
9
the present experimental
sensitivity of direct detection experiments appears not to be able to put bounds consistent to the
validity of the EFT, although only matching the EFT with the full theory would allow to draw
robust conclusions.
The matching between the relativistic effective theory to the NR one implies a redundancy of
the parametersC(d)a,q, implying that in many cases the DD constraints, that only depend on the ratio
cn
i
/c
p
i
between the WIMP–neutron and the WIMP–proton couplings, can only be discussed for
specific benchmarks. In particular in our exclusion plots we have assumed a flavor–independent
coupling, C(d)a,q=C(d)a . However, we have shown how, once the WIMP mass mχ and the cni /cpi
ratio are fixed, for all the Q(d)a,q models with the exception of Q(7)7,q and Q(7)8,q the expected rate is
naturally driven by a dominant contribution from one of the NR operators Oi (possibly modified
by a momentum–dependent Wilson coefficient, Oi → OiFαi (q2)) without large cancellations.
This implies that the bounds directly obtained within the context of the NR theory by assuming
dominance of one of the Fα
i
(q2)Oi can be used as discussed in Ref. [39] to obtain approximate
constraints valid for any choice of the Q(d)a,q parameters, with an inaccuracy within a factor of
two, but usually smaller. To perform such task in Appendix A we provide a simple interpolating
interface in Python. On the other hand, in the case of Q(7)
7,q
and Q(7)
8,q
the terms with a momentum–
independent coefficient O10 and O6 are next-to-leading order compared to the terms Fi(q2)O10
and Fi(q
2)O6 which depend on the pion and eta propagators Fi(q2) = 1/(m2π−q2), 1/(m2η−q2), so
that they cannot be assumed to dominate. Indeed, in this case all the terms Fn(q
2)On are naturally
of the same order with large cancellations among them.
Appendix A. The program
The NRDD_constraints code provides a simple interpolating function written in Python
that for a given generalized NR diagonal term (Fα
i
)2OiOi among those listed in Table 2 (with the
exception of those proportional to a meson pole) calculates the most constraining limit among
the experiments analyzed in [39] on the effective cross section:
σNi,α = max(σ
p
i,α
, σni,α), (A.1)
(for Fα
i
=1,(q2)−1) with:
σ
p,n
i,α = (cˆ
p,n
i,α )
2
µ2
χN
π
, (A.2)
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as a function of the WIMP mass mχ and of the ratio ri = cˆ
n
i,α/cˆ
p
i,α. The cˆ
p,n
i,α coefficients are
defined in Eq. (21). The code requires the SciPy package and contains only four files, the code
NRDD_constraints.py, two data files NRDD_data1.npy and NRDD_data2.npy, and a driver
template NRDD_constraints-example.py. The module can be downloaded from
https://github.com/NRDD-constraints/NRDD
or cloned by
git clone https://github.com/NRDD-constraints/NRDD
By typing:
import NRDD_constraints as NR
two functions are defined. The function sigma_nucleon_bound(inter,mchi,r) returns the
upper bound (σN
i,α)lim on the effective cross section of Eq.(A.1) in cm
2 as a function of the WIMP
mass mchi and of the ratio r=r in the ranges 0.1 GeV < mχ < 1000 GeV, −104 < r < 104.
The inter parameter is a string that selects the interaction term and can be chosen in the list
provided by the second function print_interactions():
NR.print_interactions()
['O1_O1','O3_O3', 'O4_O4', 'O5_O5', 'O6_O6',
'O7_O7', 'O8_O8', 'O9_O9', 'O10_O10', 'O11_O11',
'O12_O12', 'O13_O13', 'O14_O14', 'O15_O15'
'O5_O5_qm4', 'O6_O6_qm4', 'O11_O11_qm4']
The list above includes all the OiOiF2i (q2) terms in Table 2 with the exception of those depend-
ing on pion and eta poles which, as explained in Section 4, are either subdominant in the case
of models Q(7)
3
and Q(7)
4
, or, in the case of Q(7)
7
and Q(7)
8
, imply absence of a dominant term alto-
gether (see Figs. 10 and 11) so that the procedure described in this Section leads to an inaccurate
estimation of the constraints. This can be seen explicitly in Fig. 8, where the red–dashed curve
approximates poorly the bound obtained with a full calculation. The upper bound returned by
sigma_nucleon_bound(inter,mchi,r) corresponds to the results of [39] with the exception
of the interaction terms with momentum dependence in the Wilson coefficient, that have been
added to include the long–range interactions of Eq.(3).
The driver NRDD_constraints-example.py calculates the exclusion plot on the reference
cross section:
σrelre f = C2
µ2
χN
π
, (A.3)
assuming for the interaction between the DM particle χ and the nucleonΨN the relativistic effec-
tive Lagrangian:
L = Cχ¯γµχΨNγµγ5ΨN → C
∑
N=p,n
(
cN7 ON7 + cN9 ON9
)
, (A.4)
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with c
p
7
=-2, c
p
9
=2mN/mχ and ri=c
n
i
/c
p
i
. Assuming dominance of one operator Oi at a time the
driver implements a function coeff(inter,mchi,r) that calculates the largest Wilson coef-
ficient between proton and neutron in absolute value max(|cp
i
(mχ, r)|, |cni (mχ, r)|) and plots the
bound (σrel
re f
)lim on σ
rel
re f
as [39]:
(σrelre f )lim = min
i=7,9
 (σNi )lim(mχ, ri)
max(c
p
i
(mχ, ri)2, c
n
i
(mχ, ri)2)
 , (A.5)
for the specific choice r7=r9=1. In particular, for a given value of the WIMP mass mchi:
sigma_lim_rel_min=large_number
for inter in ['O7_O7','O9_O9']:
c=coeff(inter,mchi,r)
sigma_lim_nucleon_NR=NR.sigma_nucleon_bound(inter,mchi,r)
sigma_lim_rel=sigma_lim_nucleon_NR/c**2
sigma_lim_rel_min=min(sigma_lim_rel_min,sigma_lim_rel)
Such limit is also converted into an upper bound (Λ˜)lim in GeV on Λ˜ using:
(Λ˜)lim =

µχN (~c)√
(σrel
re f
)limπ

1
d−4
, (A.6)
with ~c=1.97×10−14 cm GeV and d=6 the dimension of the considered operator. An analo-
gous procedure allows to obtain the red–dashed curve in Figs. 1–3 and Figs. 5–9 that reproduce
accurately most of the results of Section 3.
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6
〈O4O6 m
2
N
(m2η−q2) 〉ττ′ + cˆ
τ
4
cˆτ
′
6
〈O4O6〉ττ′
Q(7)
1
cˆτ
1
cˆτ
′
1
〈O1O1〉ττ′
Q(7)
2
cˆτ
11
cˆτ
′
11
〈O11O11〉ττ′
Q(7)
3
cˆτ
10
cˆτ
′
10
〈O10O10〉ττ′ + cˆτ10cˆτ
′
10
〈O10O10 q
4
(m2π−q2)2 〉ττ′ + cˆ
τ
10
cˆτ
′
10
〈O10O10 q
4
(m2π−q2)(m2η−q2) 〉ττ′
+cˆτ
10
cˆτ
′
10
〈O10O10 q
4
(m2η−q2)2 〉ττ′ + cˆ
τ
10
cˆτ
′
10
〈O10O10 q
2
(m2π−q2) 〉ττ′ + cˆ
τ
10
cˆτ
′
10
〈O10O10 q
2
(m2η−q2) 〉ττ′
Q(7)
4
cˆτ
6
cˆτ
′
6
〈O6O6〉ττ′ + cˆτ6cˆτ
′
6
〈O6O6 q
4
(m2π−q2)2 〉ττ′ + cˆ
τ
6
cˆτ
′
6
〈O6O6 q
4
(m2π−q2)(m2η−q2) 〉ττ′
+cˆτ
6
cˆτ
′
6
〈O6O6 q
4
(m2η−q2)2 〉ττ′ + cˆ
τ
6
cˆτ
′
6
〈O6O6 q
2
(m2π−q2) 〉ττ′ + cˆ
τ
6
cˆτ
′
6
〈O6O6 q
2
(m2η−q2) 〉ττ′
Q(7)
5
cˆτ
1
cˆτ
′
1
〈O1O1〉ττ′
Q(7)
6
cˆτ
11
cˆτ
′
11
〈O11O11〉ττ′
Q(7)
7
cˆτ
10
cˆτ
′
10
〈O10O10〉ττ′ + cˆτ10cˆτ
′
10
〈O10O10 m
4
N
(m2π−q2)2 〉ττ′ + cˆ
τ
10
cˆτ
′
10
〈O10O10 m
4
N
(m2π−q2)(m2η−q2) 〉ττ′
+cˆτ
10
cˆτ
′
10
〈O10O10 m
4
N
(m2η−q2)2 〉ττ′ + cˆ
τ
10
cˆτ
′
10
〈O10O10 m
2
N
(m2π−q2) 〉ττ′ + cˆ
τ
10
cˆτ
′
10
〈O10O10 m
2
N
(m2η−q2) 〉ττ′
Q(7)
8
cˆτ
6
cˆτ
′
6
〈O6O6〉ττ′ + cˆτ6cˆτ
′
6
〈O6O6 m
4
N
(m2π−q2)2 〉ττ′ + cˆ
τ
6
cˆτ
′
6
〈O6O6 m
4
N
(m2π−q2)(m2η−q2) 〉ττ′
+cˆτ
6
cˆτ
′
6
〈O6O6 m
4
N
(m2η−q2)2 〉ττ′ + cˆ
τ
6
cˆτ
′
6
〈O6O6 m
2
N
(m2π−q2) 〉ττ′ + cˆ
τ
6
cˆτ
′
6
〈O6O6 m
2
N
(m2η−q2) 〉ττ′
Q(7)
9
cˆτ
4
cˆτ
′
4
〈O4O4〉ττ′
Q(7)
10
cˆτ
10
cˆτ
′
10
〈O10O10〉ττ′ + cˆτ11cˆτ
′
11
〈O11O11〉ττ′ + cˆτ12cˆτ
′
12
〈O12O12〉ττ′
+cˆτ
11
cˆτ
′
12
〈O11O12〉ττ′
Table 2: Non–relativistic interaction terms contributing to the direct detection expected rate for each of the interactions
listed in Eqs.(3–5).
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